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In [l] the authors raised the following question: If T is an EP linear 
transformation, can some basis of the null space of T always be extended 
to a special basis for T? In this note we answer the question negatively 
and characterize those EP linear transformations for which such extensions 
exist. 
Let V be an n-dimensional vector space over a field F, V’,(F) the 
vector space of n x 1 column vectors with components in F, V the dual 
space of I/‘, L(V) the space of linear transformations on V, and N(T) 
and R(T) the null space and range, respectively, of T in L(V). The 
matrix of T in L(V) relative to a basis B for I/’ will be denoted by [TIB. 
The linear transformation T* E L(V) which is dual to T E L(V) is defined 
by 
T*s(x) = s(Tx) 
for all s E V and all x E I’ where z + 2 is an involutory automorphism on 
F. If B = {vi, r+, . . ., vn} and B = {vl, v2,. . ., v,} are dual bases for 
I’ and V, then [T], is the conjugate transpose of [T*lB. 
DEFINITION 1. Let T E L(V). T is called an EP linear transformation 
if there exist a basis B = {v,, v2,. . ., un} of V and a dual basis B = 
{vl, v2,. ., v,> of V for which 
if and only if 
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The basis B is called a special basis for T. 
its 
DEFINITION 2. A matrix M over F is called EP provided M and 
conjugate transpose have the same null spaces. 
Katz and Pearl [l] established the following result. 
THEOREM. T E L(V) is EP with special basis B if and only if [TIR 
is an EP matrix. 
To answer the aforementioned question negatively, simply let T be 
defined on the vector space V,(F), where F = GF(22) by 
T[:]=[:] and T[:]==[rJ. 
Then the matrix of T relative to the natural basis of V,(F) is the EP 
matrix 
where 3 = x2 for each x in F and hence T is EP. If 
lies in N(T) and V,(F) is generated by zli and v2, it follows that 
v2 = 
where x # w2y. Now TV, = 0; yet 
T*v,(v,) = xw + y f 0. 
Hence no basis of N(T) can be extended to a special basis for T. 
Our main result is 
THEOREM 1. Let T be an EP linear transfornzation on V over a field F. 
Then the following conditions are equivalent: 
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(i) 
(ii) 
(iii) 
ON EP LINEAR TR_~NSFORMATIOSS 
Rank of T = rank of T2. 
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Every basis of hr(T) can be extended to a special basis for T. 
Some basis of N(T) can be extended to a special basis for T. 
Proof. (i) implies (ii): Since rank of T = rank of T2, it follows that 
N(T) n X(T) = (0). Hence let {v,, v2,. . , vk} be a basis for N(T) and 
(v *+I,. . ., vn} be a basis for R(T). Then it is clear that B = {v,, v2,. . , vn> 
is a basis for I/. If 
T(vJ = i ai,vj, 
j=l 
then 
hence 
Therefore, for 1 < i < k, we have 
T”v,(vJ = 0 
for all j. Hence T*vi = 0 for 1 < i < k, and H is a special basis for T 
since rank of T = rank of T*. 
. . 
(in) implies (i) : Suppose some basis {v,, v2,. . . , vr} of N(T) can be 
extended to a special basis {v,, v2,. . ., zlv, v,+~, . . ., un} for T. For 1 < 
i < Y we have 
T(v?) = 0 = T*(vJ 
and, consequently, 
vi( Tv) = 0 (1) 
for all v in V. If 
TV = 5 ckvk, 
k=l 
then 
vi(Tv) = ci. 
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Using (l), we conclude that TV lies in the linear subspace generated by 
v,+1,. . .I v, and thus N(T) fl R(T) = (0). Since the latter condition is 
equivalent to (i), the implication is established. 
That (ii) implies (iii) is trivial and the proof is complete. 
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